INTRODUCTION
Turbulence (or chaos) is one of the oldest and most difficult open problems in physics. Although the subject of this review is turbulence in the field of fluid dynamics, the problem of turbulence pervades many other fields; e.g., cosmology, the structure of the universe. At one time or another, it has occupied the minds of many of the great physicists, particularly in the early part of this century. The problem is so difficult that it has even defied the formulation of a consistent and rigorous definition. In this paper, we shall review the history of the subject and point to recent developments, as well as postulate future directions. To avoid merely enumerating a succession of isolated research events and accomplishments, the review will be presented in a context of the interactions between observations, theoretical ideas, and the modeling of turbulent flows. The context needs further elaboration, but first a few comments are in order regarding a basic premise of the review.
The basic premise is that turbulence can be understood within the framework of the continuum assumption of fluid dynamics. Accepting the premise implies accepting that the Navier-Stokes equations are a complete mathematical description of fluid flows, and hence, capable of describing turbulent flows. There are some experimental facts that might shed doubt on the validity of the assumption. For example, small amounts of long-chain polymers in water have a significant effect on turbulent properties, even though the polymers are dispersed and have dimensions significantly smaller than the dissipation scales of turbulence. Additional recent developments also may raise questions regarding the continuum assumption. Although it needs constant re-examination, the continuum assumption has formed the basis for the study of turbulence over its entire formal history. With precautions and reservations duly noted, the assumption will be accepted as the basis for this review as well.
Acceptance of the Navier-Stokes equations also may raise criticism on mathematical grounds, inasmuch as existence has not been proven for solutions of the threedimensional initial-value problem. Although no examples are known, the possibility cannot be ruled out that solutions become singular, especially at Reynolds numbers representative of fully-developed turbulence. This would imply that additional principles need to be introduced to ensure a complete theory. We shall proceed as if this is not the case. Lanford [1J has compiled an excellent list of the presuppositions entailed by adoption of the Navier-Stokes equations as the framework for understanding turbulence.
To aid in the discussion, the context of interactions between observations, theoretical ideas, and modeling is illustrated in figure 1 . First, let us define the terms: The term "observations" here includes not only empirical data from observations of the physical (real) world, but also empirical data from observations of computer simulations representing solutions of the full Navier-Stokes equations (hence the above-mentioned need for the continuum assumption) or other suitable simulations to be noted later. The term "theoretical ideas" is used here to denote the realm in which observations are transformed into (normally nonmathematical) idealizations or conceptualizations: e.g., the concept of a continuum or of an incompressible fluid. Conceptualizing or theorizing is vital to the study of turbulence, as it is to the study of any scientific discipline, but it represents both a positive and a negative aspect. On the positive side, it is essential that theoretical ideas be postulated, both to further the mathematical steps which follow, as well as to provide hypotheses against which to cast the observations. Theoretical ideas literally provide "a way of seeing." It is this aspect that also may be negative, for a way of seeing may color or bias our observations. These two aspects of the realm of theoretical ideas will surface as major pOints in the discussions to follow. Finally, the term "modeling" is used to denote the realm in which theoretical ideas are placed within a formal system by means of mathematics.
Information flows back and forth between each of the three realms. For example, observations typically lead to a theoretical idea which provides a basis for both new observations and a mathematical model. The mathematical model can be tested against observations and also provides implications against which to test the theoretical idea. Observations used to test the model can also lead to changes in the model. Once the study of a discipline has begun, it is difficult to tell in which of the three realms it originated. It is clear, however, that the role of theoretical ideas is a very powerful one in that it shapes our approach to the other realms in the sense of dictating "a way of seeing." (On this important pOint, see also Liepmann's essay [2J, to which our own views are much indebted.) In this review, we shall try to show how the "way of seeing" has influenced the study of turbulence, first, by examining the subject in an historical context, and second, by examining recent developments. Finally, some future developments will be postulated.
HISTORICAL PERSPECTIVE
Observations of turbulence are as old as recorded history. The Bible, for example, contains several references to turbulence or chaos. Leonardo da Vinci was intrigued by turbulence, as his sketch reproduced in figure 2 (circa 1500) [3J indicates. But, the modern scientific study of turbulence dates from the late 1800s with the work of Osborne Reynolds. In reviewing the subject from that date to the present, one is struck by the appearance of three distinct movements, each of which (despite some overlap), can be characterized by a definite point of view with a reasonably well-defined beginning. The earliest of these, which has a strong nondeterministic flavor, will be referred to as the statistical movementj the next, which is predominantly observational, will be referred to as the structural movement; and the most recent will be called the deterministic movement. The three movements, with a few key events noted, are sketched in figure 3. were unpredictable or incomprehensible in detail was not merely the result of observations, but was a view that would find support in the generally accepted world-view of the time in which turbulence or chaos was considered synonymous with disorder (the term used in Webster's dictionary) or unpredictability (nondeterministic) or incomprehensibility. This viewpoint, which is formalized in the statistical theory of random perturbations, was bolstered by the success of the statistical mechanics approach to the kinetic theory of gases (e.g., Jean's book on the topic [7J). The statistical point of view gained even further support by the great success achieved in theoretical physics on the introduction of quantum mechanics.
The statistical view of turbulence (a theoretical idea) had two principal effects: First, it encouraged focusing further observations of the flow on means and various averages. Second, because the Reynolds-stress terms consisted of averages of products of perturbation quantities, it suggested that the extension required to complete the modeling had to involve the next higher moment, requiring in turn an even higher moment, and so forth, leading, of course, to the celebra~e: problem of closure. The closure problem has proven so formidable in modeling that, in the face of practical exigencies, it has been more or less set aside in favor of 3 phenomenological modeling. The latter has had considerable success in the practical realm, but has had essentially no impact in the realm of theoretical ideas.
The emphasis on observations of means and various averages led to significant development in instrumentation, particularly with regard to hot-wire anemometry.
Development of the laser in the 1960s made possible the introduction of laserdoppler velocimetry (LDV), heralded as a great new tool in the study of turbulence. But nothing fundamentally new in the way of theoretical ideas has yet resulted from its introduction. Our contention is that the principal impediment is the statistical viewpoint itself; the use of the tool was prescribed too narrowly in accordance with its perceptions.
There is an extensive body of literature on the mathematical study of turbulence within the statistical theoretical framework. Included is not only the work Kolmogoroff's "five-thirds law" [11J, formulated for the statistical regime consisting of "locally isotropic turbulence," is an example of a particularly successful result of theoretical analysis within the statistical framework. It is successful in part because it ignores the regime of scales where most of the energy resides in most turbulent flows, and where the nature of the source of the turbulence is still evident. Even in the regime to which it ostensibly applies, the "five-thirds law" has been criticized on the basis that the turbulence is not truly isotropic, but intermittent. Hence, the law needs to be corrected for the nonspace-filling nature of turbulence [12J. Its blindness to these structural facts is precisely the disability of the statistical theoretical idea.
In our view, the principal shortcoming of the statistical approach is that the introduction of the statistical idea (predicated on a nondeterministic theoretical basis) at such an early stage of the study inhibits the interactions which otherwise would occur between observations, theoretical ideas, and modeling. The consequence is a paucity of imagery or structure about which to conceptualize. Our argument is not that statistical or averaging methods should have no role in the study of turbulence, but only that their introduction at the beginning of the study tends to where it is compared with the already noted experimental observation of Kim, et al., [2~) . The use of computer simulations has a deterministic character inasmuch as, strictly speaking, the computations are based on deterministic equations. However, many of the early analysts of these simulations adopted the same classical statistical methodology as that employed by the experimentalists. That is, for the most part, they measured only means and various averages. Some experimentalists were actively trying to measure and characterize the structures they were observing by developing a measurement methodology that reflected both the presence of coherent structures and their apparently random occurrence. These included conditional sampling techniques such as the method developed by Blackwelder and Kaplan [31) , and , the proper orthogonal decomposition method developed by Lumley [32, 33] . The methods differ in the degree of subjective bias imposed by the experimenter, with the latter method having essentially none. Computer simulations of turbulent flows also have been analyzed by the same methods (e.g., [33] [38J, this collection) has been instrumental in finding ways to use structural observations practically to improve aircraft performance. The second shortcoming is the Achilles' heel of the structural movement: the jungle of observational detail, lacking the ordering hand of theory. The difficulty stems from the unassimilated mixture of random and deterministic elements in the generally accepted "way of seeing" the coherent structures. While the structures are assumed to be randomly distributed in time and space, each occurrence is assumed governed by a locally deterministic cause (e.g., a local instability). A consistent, overall theory has been lacking which has the possibility of assimilating the random and deterministic elements into a single viewpoint allowing, e.g., deterministic chaos.
In summary, the structural movement has demonstrated the presence and importance of structures in turbulence, but so far, has not resulted in new theoretical ideas having the power to abet modeling. The principal criticism is precisely the inverse of that of the statistical movement: in place of theory without structure, the result to date has been structure without theory.
Deterministic Movement
This is the most recent movement, although its origins date from the pioneering essays of Poincar6, the principal one bearing the title " Taken together, "nonlinear dynamical systems" is perhaps the best descriptive ti tle for this body of theory. Its origins and some of its philosophical implications are traced in a recent interesting essay by M. W. Hirsch [44] .
For the purposes of this review, dedicated to turbulence studies, the deterministic movement will be dated by the work of Lorenz in 1963 [45] and that of Ruelle and Takens in 1971 [46] . Lorenz discovered, via numerical computation, that a simple dynamical model of a fluid system yielded flow properties having bounded aperiodic behavior in time of a form apparently so chaotic, yet deterministic, that (in current terminology) it is said to indicate presence of a "strange attractor" (see fig. 8 ). Sparrow's book [47] contains a thorough study of the Lorenz equations (see also a thoughtful review of the book by Guckenheimer [48] ). Unaware of The above account notes the principal elements of the deterministic movement; they will be discussed in greater detail in the next section. Here, their historical significance will be touched on briefly to complete our historical perspective. First, the work on strange at tractors has shown that chaotic behavior can occur in even simple deterministic systems (as few as three nonlinear ordinary differential equations). Second, deterministic chaotic behavior can occur after just a few bifurcations of a dynamical system. (Other routes to deterministic chaotic behavior involving, e.g., period-doubling, are possible as well, cf. [54J.) Third, the ideas underlying bifurcation theory, strange attractors, fractals, and renormalization group theory provide a rich body of imagery, containing a considerable potential for conceptualization of turbulence structures. Taken together, the first and second pOints offer the possibility that chaos or turbulence in fluid dynamics can be understood as a state of a simple deterministic system.
The third point suggests a basis for the construction of models.
Viewed from the framework of observations, theoretical ideas, and modeling already described, the impact of the deterministic movement can be summarized as Mandelbrot's book "The Fractal Geometry of Nature" [56] contains an excellent discussion of these origins. Finally, the study of phase transitions in condensedphase matter was a principal source of inspiration for renormalization group theory. Each of these developments can be considered only briefly here; there are entire papers devoted to them elsewhere in this collection (cf. the contributions of Spiegel [57J, Mandelbrot [58J, and McComb [59J) . Although they are often treated separately, and the perspective each brings to the subject is important, it is becoming clear that they cohere, and together offer the possibility of reflecting the greater part of many of the complex and chaotic processes in nature.
Bifurcation Theory
Generally speaking, bifurcation theory is the study of equilibrium solutions of nonlinear evolution equations and how they change with changes in the parameters of 9 the problem. In fluid-dynamic applications, we are interested in equilibrium solutions of evolution equations of the form (1) where U is the velocity vector and A is a parameter (e.g., Reynolds number, angle of attack, Mach number). An equilibrium solution is taken to mean the solution to which U(t) evolves after the transient effects associated with the initial values have died away. Equilibrium solutions may be time-invariant, time-periodic, quasi-periodic, or chaotic depending on conditions.
Changes in equilibrium solutions can occur at two levels. The first occurs as a result of instability in equation (1) . As the parameter ~ is varied, a critical value ~ can be reached beyond which the original solution becomes unstable. New c solutions, called bifurcating solutions, appear, some of which may be stable, and some unstable to small perturbations. By stable and unstable we mean the follow- figure 10 often result from idealized problems. In practice, there is less enforced symmetry, or there is a boundary condition, or a scale that was suppressed in the idealized problem. When these are brought into consideration, the idealized bifurcation diagram may undergo an unfolding. This is illustrated in figure 10 with the pitchfork. The idealized pitchfork has the following form (to leading order)
whereas the general (unfolded) bifurcation to this order has the form
For the case shown in figure 10 The second level at which changes in equilibrium solutions occur focuses on the class of equilibrium solutions that is time-invariant. Here, we concentrate atten-... 
... 
Strange attractors
The recognition that bifurcation to a bounded aperiodic solution can occur, indicating presence of a strange attractor, represents a significant step in the 11 study of turbulence. Strange attractors appear in forced dissipative systems and can occur with relatively small nonlinearities (cf. the Lorenz system in fig. 8 ).
The following account is an attempt to give a more geometric sense to the term.
First, we need to introduce some additional terminology. By the state of a fluid-dynamic system, we shall mean a complete specification of the velocity field at an instant in time. The space of all states is the state space. The term orbit will refer to a solution of the differential equations determining pOints in state space (i.e., the Navier-Stokes equations), regarded as a curve in state space, and the solution flow will refer to the motion on the state space that advances each point along its respective orbit~ The term equilibrium solution that was introduced earlier in connection with bifurcation theory, represents the long-term behavior of a solution flow after transients have died away. Time-invariant equilibrium solutions can be represented as fixed points in state space. Time-periodic equilibrium solutions can be represented as closed paths (i.e., circles) in state space.
Equilibrium solutions having two incommensurable periods are representable on tori (called 2-tori) in state space. These orbits are called at tractors if orbits starting sufficiently close to them converge to them. Convergence in this sense is equivalent to the notion of asymptotiC stability introduced earlier.
Whereas the Landau theory of turbulence [19] supposed that tori of increaSing dimension (n-tori) would succeed each other in an indefinite sequence of supercritical bifurcations, Ruelle and Takens [q6] argued that beyond a 2-torus, a "strange attractor" would appear on the next bifurcation. Lanford [1] has presented a useful qualitative description of how a model strange attractor might succeed a 2-torus.
His description is reproduced in figure 11 . This is a property shared by all observations of turbulent flows. Second, the strange attractor has a sensitive dependence on initial conditions. Solutions which start out even infinitesimally close together must eventually depart from each other. In Lanford's description of a model strange attractor ( fig. 11) , it is the stretching property that ensures the eventual departure of adjacent solutions.
Finally, each member of the set of solutions comprising ~he strange attractor occupies zero volume in state space. It is this characteristic that forces the strange attractor to have noninteger dimensionality, or, in Mandelbrot's terms [63J, fractal measure. In Lanford's model attractor, the folding property (d) gives rise to a multilayered structure that does not occupy any volume, and it is this property that accounts for the attractor's noninteger dimensionality. It is also this property that manifests itself in terms of intermittency.
For a more comprehensive study of the various connections between strange at tractors and turbulence, the reader is referred to Lanford's review articles 
Fractals
The fractal idea as a description of turbulence precedes that of the dimensionality of the strange attractor and, in the geometric form put forward by Mandelbrot [56J, has considerable conceptual power. Hence, it will be in that context that fractals and fractal dimensionality will be briefly described. A fractal curve is a curve that is everywhere continuous but nowhere differentiable. An example of a fractal curve is the Brownian motion of a particle. Lest one choose to disregard the fractal idea too quickly, one should recall that the Navier-Stokes equations can be considered an ensemble average over a set of Brownian-motion curves. To illustrate these curves and their properties, two examples have been selected. These are shown in figure 12 . The simplest example is the Koch curve. This curve is constructed by the following recursive procedure: take a line one unit long and divide it into three equal segments. Remove the center segment and replace it with two equal segments to form a hat (see fig. 12 ). This process is repeated recursively on each of the new segments that are formed at successive steps. Now the length of the resulting curve increases without limit as the number of repetitions (n) increases without limit, but the curve does not fill up any space. Only a line with apparent texture reiults. Another way to think of this is to take three of these Koch curves and form an equilateral triangle. Now note that we have a finite area enclosed (an island) by a perimeter (coastline) that is infinitely large. This pOint is well figure, repeat the process. The surface becomes more and more distorted with each step, and the actual surface area increases without limit as the number of iterations (n) increases. Hence, the surface in two dimensions becomes more and more distorted, but never fills up space in three dimensions. In a manner similar to that used for the Koch curve, the fractal dimension is found to be i.n 29/i.n 9 + or about 2.54. Now, this is a rather simplistic model for a sheet of vorticity that has been distorted into a parcel of turbulence because of instabilities. Even though the model is simplistic, it is true that a hot wire passing the distorted sheet would In our view, future directions for the study of turbulence will reflect the recent developments of the deterministic movement, together with statistical elements and structural observations that are consistent with the deterministic approach. In a previous paper [60J, the authors suggested a framework for studying nonlinear problems in flight dynamics. That same framework is proposed here as being suited to the deterministic approach to the study of turbulence. The framework has four premises involving the elements structure, change, chaos, and scale:
(1) All flows have structure.
(2) Structures change in systematic ways with changes in parameters. Taken together with a corresponding set of mathematical ideas, the four premises form a strong theoretical framework (a way of seeing) for the understanding, and (potentially) the modeling of turbulent flows. The premises of the theoretical framework are:
(1) Structures are describable in topological terms.
(2) Changes in structure are describable by bifurcation theory. (3) Chaos is describable by the theory of strange attractors and fractals.
(4) Scales are describable by group theory ideas.
Where this body of theory will lead in the modeling of turbulent flows is not yet completely obvious. However, at least the following seems likely: (1) Some form of averaging of the Navier-Stokes equations probably still will be required.
Whatever its form, the averaging will be carried out such that: (a) it allows the representation of at least the major structural and subcritical bifurcations that occur both in the outer flow (away from boundary layers) and within the turbulence itself, and (b) it incorporates chaotic information. (2) The chaotic portion of the problem probably will be modeled by a finite-dimensional strange attractor along the lines of current developments in dynamical systems theory. Progress here hinges on the formulation of appropriate measures of the strange attractor which will allow a rational finite-dimensional representation of its essential nature. The representation will be driven by the mean flow and, in turn, supply information to the meanflow equations to be used in forming the Reynolds stresses. This is where renormalization-group theory ideas will be required to resolve only the essential 16 scales of the problem. Topological ideas will be used to replace the formerly 
